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Abstract 
\le consider the shape o f  a gas bubblo ~ h i c h  r i ses  through a quiescent incompressible, Newtonian f l u i d  a t  
inter*s:'iate Rcynolds numbers. Exact numerical so lut ions f o r  the v e i o c i t y  and pressure f i e l d s ,  as w e l l  as the 
bubble shape, are obtained using f i n i t e  d i f fe rence  techniques and a numerical l y  generated transformation t o  an 
orthogonal, boundary-f i t ted coordinate system. No r e s t r i c t i o n  i s  placed on the al lowable magnitude o f  defor- 
mation. 
In t roduct ion 
I n  s p i t e  o f  in tens ive inves t iga t ion  f o r  more than 70 years, the theore t i ca l  problem o f  bubble and drop 
motion i n  an unbounded viscous Newtonian l i qu id ,  which may e i t h e r  be quiescent o r  undergcing some prescribed 
motion far  from the bubble o r  drop, has remai,~ed essen t ia l l y  bnsolved. The main d i f f i c u l t y ,  i n  a d d i t i o . ~  t o  
the usual non l inear i t y  o f  the equations o f  motion a t  f i n i t e  Ryenolds number. i s  tha t  the bubble o r  drop shape 
isunknownand required as p a r t  o f  the s o l u t i o n  o f  the problem. As a consequence, the boundary condi t ions a t  
tne bubble o r  drop surface are nonl inear, and. i n  addi t ion,  the so lu t ion  depends on the p r i o r  h i s t o r y  o f  the 
bubble o r  drop motion and in te r face  shapes, evqn i n  the creeping m t i o n  l i m i t .  
This problem o f  bubble D r  drop motion i n  a viscous l i qu id ,  w i t h  an unknown boundary shape, i s  an zxample 
o f  the general class o f  so-cal led " f ree t . f"  problems o f  f l u i d  mechanics. Although 3 number o f  methods 
e x i s t  for  t h i s  type o f  problem, whick can . cd t o  analyze the motion crt' bubbles o r  drops, a l l  but pure ly  
n u m r i c a l  methods inev i tab ly  s ~ f f e r  from sale r e s t r i c t i o n .  Included i s  the asymptotic technique o f  "domain 
perturbat ions" which has beer. applied, fo.- example. f o r  buoyancy-driven mot ions o f  a drop a t  f i n i t e  ~eynolds, '  
and f o r  a drop i n  a general 1 inear "shear" but i s  restricted t o  sma; l dei rmations from a known (or  
guessed) boundary shape. Boundary in tegra l  t ~ c h n i q u e s  d r ~  aot r e a t r i c t e d  i n  the dcgree o f  deformation (and 
thus provide a powerful too l  t o  study bubble and drop d e f ~ r m a t i o n ~ - ~ ) ,  but  are on ly  appl icable i n  the l i m i t s  
o f  e i t h e r  creeping flow, o r  po ten t ia l  f low, where the governing d i f f e r e n t i a l  equations are l i near .  For more 
general condit ions. t h i s  leaves us w i t h  numerical methods which are not  l imi ted,  i n  p r i n c i p l e ,  e i t h e r  by the 
al lowable degree o f  deformation o r  by l i r  a r i t : ~  o f  the governing equations. Such methoJs have not  been 
appl ied d i r e c t l y  t o  the problem o f  ca lcu la t ing  bubble o r  drqp shapes i n  viscous f lw so f a r  as we are aware. 
However, i n  most other appl icat ions t o  f ree  boundary problem i n  f l u i d  mechanics, the numerical r - thods  o f  
choice have been ased u..on f i n i t e  element formulations. At least  i n  p a r t ,  t h i s  has been a consequence o f  the 
loss o f  accuracy which occurs when f i n i t e  d i f ference technigue; are appl ied i n  domains w i t h  boundaries tha t  
are not  coincident k i t h  coordinate l i nes  o r  surfaces. Thus, i f  one considers only  the c lass ica l  or thogmal  
coordinatzs, such as c y l i n d r i c a l ,  spherical,  etc.. the use of f i n i t e - d i f f e r e n c e  methods i s  genera l ly  unacsept- 
able f o r  f ree  boundary problems. The present paper explores the a1 ternat  i ve possi b i  l i t y  o f  f i n i  te-d i  f ference 
so lut ions oased on a numerical method o f  const ruct ing a system o f  orthogonal, boundary-f i t t e d  coordinates, f o r  
the problem of streaming f low past d bubble. We do not  c la im o r  intend t o  imply "super ior i ty"  i n  any sense 
over other pussible numerical approaches t o  the same problem. Indeed, the methods described here are not a t  a 
s u f f i c i e n t l y  advanced stage of development f o r  such comparisons t o  be meaningful, even i f  one were phi losophi -  
c a l l y  inc l ined  t o  make them! 
A de ta i led  descr ip t ion o f  the methods o f  orthogonal mapping w i I I  soon appear i n  the Journal c ~ f  C q u t a -  
timi? and a more de tz i led  descr ip t ion o f  methods and resu l t s  f o r  the app l i ca t ion  t o  the motion o f  a 
bubble o r  drop i n  a viscous f l u i d  i s  present ly  i n  preparation. Iiere. we simply o u t l i n e  t h e  method o f  s o l u t i o n  
and present two cxamnles o f  the s o l ~ t i o n  fo r  streaming flw past a bubble a t  f i n i t e  Reynolds number as an 
i I luc t r , c t ion  o f  i ~ s  appl icat ion.  
Orthogonal Happing 
The idea which we pursue i s  thus t o  ob ta in  orthogonal boundary-fit:ed coordinates f o r  the domain z x t e r i o r  
t o  a bubble whose shc e i s  unknown, thouqh smooth ;nd genera l ly  no ispher ica l .  I n  the  present development, 
the L. . . n w n  shape i s  generated v i a  an i t e r a t i v e  procedure s t a r t i n g  from some i n i t i a l  guess. At each step, 
w i t h  the boundarv shape spec:fied, mappir:g funct ions f o r  the boundary-f i t ted coordinates ere generated numer- 
i c a l l y ,  the equations o f  motion are then solved i n  the transform t -na in  and the normal s t ress balance a t  the 
bubble surface i s  used t o  generate an improved shape. Ue r e s t r i c t  ourselves t o  steady, ax isy- t r ic  
conf igurat ions and discuss the mapping problem i n  2D, w i t h  the axisymnett.ic boundary shape generated by r o t a -  
t i o n  abeut the axis o f  synmetry which i s  thus required t o  be a coordinate l i n e  f o r  t i le transform coordinates. 
I n  :he rnmainder o f  t h i s  sect ion. we o u t l i n e  a method o f  obta in ing the des i red coordinate transformation. 
From a mathematicai po in t  o f  view, we require a pa:r o f  funct ions x(<,q) and y(F,,q) which map poi  - t s  o f  the 
physicdl domain onto a u n i t  square, 0 5 F;,? 5 1, i n  the 'ransform d m c i ~ ,  w i t h  l i nes  o f  constant 5 and q 
bning orthogonal. For conveniet~cc?, we designate the bubble surface as F, = I ,  and the upstream and downstream 
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axes of sy-try as 7 - 1 and rl = 0, respectively, w i th  E -* 0 corresponding t o  i n f i n i t y .  There has, o f  course, 
been a great deal o f  recent research aimed a t  the problem o f  obtaining nur r r ica l  l y  generated coordinate map- 
oings. Included i n  t h i s  work are methodsbasedon-the sulut ion o f  a pa i r  of e l l i p t i c  equations for the mapping 
functions.' c o n f o m l  mapping,' d i rec t  integration o f  "Cauchy-Riema-n"-type equations as an i n i t i a l  value 
probtem s tar t ing  from a boundaryJslD and other methods o f  orthogonal mapping which are equivalent t o  conformal 
mapping w i th  less res t r i c t i ve  constraints on the r a t i o  o f  the diagonal camponehts of the metric tensor (the 
l a t t c r  are, i n  fact, most closely related t o  the present approach).11'13 Limitat ions o f  space prevent a de- 
ta! led review of t h i s  p r i o r  work. Mowever, i n  general. the resul t ing coordinate systems are e i ther  nonorth- 
ogonal,' i 11-conditioned i n  the sense o f  extreme sens i t i v i t y  t o  Cwndary shape andlor (the possibi l i t  o f )  
h ighly nonuni f o n  spacing o f  coordinate l ines (conformal mapping,' same types o f  llorthogonal .12) o r  
only suitable I s m  local subdunain ( integrations .of  Cauchy-Rieaunn equationsq * l o ) .  
The present objective i s  a numerically generated mapping which i s  applicable i n  the whole domain, automat- 
i c a l l y  orthogonal and free of the usual sensi t ivcty problems o f  conformal mapping. Our basis i s  conventional 
tensor analysis, y ie ld ing equations fo r  x(E,q) and y(6,n) which are coordinate invariant. These equations 
follow almost t r i v a l l y  from the observation that  a Cartesian coordinate x (or y) i s  a l inear scalar function 
of posit ion. sa that grad x (or grad y) i s  constant and t : 
d i v  grad x = 0 (1) 
The ta t t e r  i s  nothing more than the covariant Laplace equation fo r  x. Wen expressed i n  terms o f  the desired 
(but as yet unspeci fled) c.11 coordinates, i t  becams il 
. . f. 
i n  which g 'J  i s  the i j  component o f  the metric tensor and ";" denotes regular covariant d i f fe rent ia t ion .  A l -  
though the solutions of Eq. ( 1 )  (and the s imi la r  equation for  y) wi il not generally y i e ld  orthogonal coordi- I . 
nates, we fur ther specify that 
wi th the h .h, being "scale" factors for the c,rl system. In  t h i s  case, the equations governing the t ransfor-  
mation (mip ing)  functions become 
wi th 
f(5.q) . hn/h, 
and :he solut ion o f  these equations, subject t o  appropriate boundary conditions (which we shal l discuss i n  the 
next sectiof ' ,  w i i l  y i e l d  orthogcnal cmrdinates fo r  any f ,  which can thus be chosen freely. i t  may be noted 
that confor. wpping corresponds to  the res t r i c t i ve  choice f (F,.q) = 1, f o r  a l  I 6.q. 
In general, the "most appropriate" choice o f  f depends on the type o f  mapping required Thc probian o f  
d i rec t  mapping wi th f ixed boundary shape and a specif ied d is t r ibu t ion  o f  coordinate nodes along the boundary 
i s  discwisect elsehhere.' Here, we consider only the mapping problem i n  which the boundary shape i s  unknown 
and required as part o f  the solut ion o f  the overal l  problem. In  t h i s  case, f(6.0) can be specified d i rec t l y  
as a function o f  <,q, wi th the form for  f chosen so as t o  y i e l d  desired properties of the transform coordi- 
nates (e.g. nonuniform spacing o f  coordinate l ines i n  som region o f  the domein). 
The f l u i d  dynamics problem -bas ic  f o n u l a t i o n  
Let us now return t o  the problem o f  uniform streaming flow past r bubble. In  t h i s  case, m adopt the very 
simple for* far  f ,  f (cDn) : n€,. In  addition, we introduce a re la t i ve l y  s ; w l e  modif ication o f  the mapping 
procedure out l ined above t o  take care o f  tk,  act that i n f i n i t e  values o f  the mapping functions x and y, 
correspmding d i rec t l y  to  an i n f i n i t e  domaln, cannot be generated numerically. To avoid t h i s  d i f f i c u l t y ,  we 
simplv calculate the mepping fr,.n the un i t  square i n  the 6,q plane t o  an aux i l ia ry  f i n i t e  domain, which i s  
then transformed to the physical donain by a conformal inversicn. 
Now, one g n a t  advantaqt o f  orthogonal coordinates, i n  "ddi t ion to  avoiding inaccuracy o f  n u ~ c r i c a i  
approximation i n  n~northogonai coordinates, i s  that physical canponents o f  vectors and tensors can be used 
instead o f  covariant o r  contravariant ones. The governing Navier-Stokes equations, plus boundary conditions, 
can thus be expressed i n  a straightforward manner i n  terns o f  the resul t ing boundary-fitted coordinator 
E,n,@. obtained by r o t a t i o n  of the two-dimensional cr,,rdinates given by x((,n) and o ( 6 , ~ )  (where x i s  p a r a l l e l  
t o  the ax is  of symnt ry  and o i s  the distance t o  t h i s  ax is  along a normal through the p o i n t  o f  i n te res t ) .  I f  
we introduce the stre;tmfuncrion $, and use standard expressions fo r  the invar ian t  d i f f e r e n t i a l  operators i n  
general orthogonal c u r v i l i n e a r  coordinates, the Navier-Stokes equations are 
L% + c - o (8) 
d~v, 
where L i s  the v o r t i c i t y ,  Re - - II , d i s  the equivalent diameter of the bubble and 
The streamfunction a t  i n f i n i t y ,  f o r  a . l i f o r m  streaming f low, takes the f o n  
Thus. t o  avoid deal ing w i t h  large (or i n f i n i t e )  numbers, we a c t u a l l y  solve f o r  
where l i t  i s  the po ten t ia l  f lw so lu t ion  f o r  f lw past a spherical bubble w i t h  the given form 'b, a t  i n f i n i t y ,  
i .e. a 
J' L o 2 ( I  - ~ 3 )  
a 2 (12) 
Now, Eqs. (4) and ( 5 ) .  rewr i t ten  i n  terms o f  $", are t o  be solved for  J'", 5 and the bubble shape subject 
t o  the boundary condit ions 
+ " i s b o u n d e d , L a O ;  a t i n f i n i t y ( i . e . f t O )  (1  3) 
+' = 0, = 0; a t  rl = 0, 'l = 1 (symnetry ax is )  (14) 
and, a t  the bubble surface, 
v P 0  (zero normal v e l o c i t y )  I (15) ; + 2,(5n)u " (n) s = 0 (zero tang. s t ress)  a t  5 -  I (16) 3 + I. (.el + . 
- 'G 'D - 'd + Tnn we (normal s t ress balance) (17) 
The f i r s t  term i n  (16) i s  the hydrostat ic  pressJre; C i s  the drag c o e f f i c i e n t ;  pd i s  llre dynamic pressure D 
d ~ v z  
us i s  thc! surface ve loc i t y ;  Tnn i s  the nonnal component o f  viscous s t ress a t  the surface, 'We - - - , Y i s  
the surface tension, and c(")  and K'") are normal curvatures i n  two perpendicular d i rec t ions .  (n) (n) 
Numerical scheme 
I n  order t o  solve Eqs. (7)  and (8) of  the preceding sect ion, tosether w i t h  Eqs. (5a) and (5b) for  the 
mapping functior., x(1,'l) and 0 ( 5 , n ) ,  we used a uni form 11x41 g r i d  i n  the donuin, 0 S 5.n < 1. The computa- 
t i ons  were ca r r ied  out  using s ing le  p rec is ion  a r i thmet i c  on 8 VAX-I1 computing system, which has a round-off 
e r r o r  o f  0(10'~).  Tnus, w i t h  an O(h ) f i n i  te-d i f ference schem, t h i s  mash s ize  represents the p r a c t i c a l  
l i m i t s  o f  reso lu t ion  i n  order t b  . r  t runcat ion e r r o r  be comparable t o  t h i s  rounu-o f f  e r r o r  d lv ided by h2 (when 
cornput i ng secoird der i vat i uss 1 .  
The numerical schem i t s e l f  must be fas t ,  h igh ly  s tab le and appl icable t o  e l l i p t i c  equations o f  q u i t e  
general form. I n  the work reported here, we adopt the AD1 scheme o f  Peaceman and Rachfcrd and t r e a t  a11 
equations o f  the problem ( i  .e. the equations o f  motion f o r  C end $, and the two mapping equations f o r  x and 
a) as "quasi-time-dependent", by w r i t i n g  them i n  the standard form 
w i t h  3/bt representing a " f i c t i t i o u s "  (or a r t i f i c i a l )  t ime d e r i v a t i v e  as required by ADI. An opt imal value o f  
the i t e r a t i o n  parameter ( i .e .  time step) was determined" t o  be O(h). 
Boundary condi t ions fo r  Eqs. (3). ( 5 )  and (6) are s t ra igh t fo rward  [see Eqs. (13)-(16) p lus Ref. 61, w i t h  
the exception fo  condi t ions a t  the bubble surface. Here, the necessary boundary values o f  v o r t i c i t y  are c a l -  
cu lated i n d i r e c t l y  from the boundary cond i t i on  (16) on tangent ia l  s t ress us in  a natura l  extension o f  the 
method f o r  a s o l i d  boundary suggested by Dorodnitsyn and l e l l e r "  and i s r a e l i "  and u t i l i z e d  prev ious ly  f o r  a 
spherical drop." At each new i t e r a t i o n ,  say n, the new value o f  the boundary v o r t i c i t y  cn i s  determined from 
i t s  previous value and the previous value of the tanqent ia l  stress, as 
where the optimal I3 was found (by t r i a l  and e r r o r )  t o  be approximately 0.2. When the s o l u t i o n  has converged, 
o f  course, the tangent ia l  s t ress w i l l  be zero. Boundary condi t ions f o r  x ( c , ~ )  and ~ ( c , r l )  a? < - 1 must a l s o  
be discussed b r i e f l y .  Both x and 0 cannot be spec i f i ed  d i r e c t l y  a t  5 = 1 i f  the condit icnl  g12 = 0 i s  s a t i s -  
f i ed  ( i  .e. the coordinates are t o  be orthogonal) as the problems f o r  x and u are then overdetermined. Ue 
would. on the other  hand, l i k e  t o  approach the f i n a l  s o l u t i o n  f o r  bubble shape i t e r a t i v e l y  s t a r t i n g  from s o m  
i n i t i a l  guess. This involves incrementing the bubble boundary t o  create a new shape a t  each i t e r a t i o n ,  based 
upon the normal s t ress imbalance a t  the in te r face  a t  the preceding i t e r a t i o n .  However, i n  view o f  the re-  
s t r i c t i o n  on simultaneous spec i f i ca t ion  o f  x and a, the necessary small displacement o f  the bubble boundary 
must be car r ied  out  i n d i r e c t l y  ra ther  than speci fy ing increments i n  x ( l ,n )  and ~ ( 1 . u )  d i r e c t l y .  This i s  ac- 
complished by changing the mapping i t s e l f  ( ra ther  than the p o s i t i o n  o f  the bubble surface) v i a  incremental 
changes i n  the scale factor  h: o f  the mapping, i.e. 
where A" i s  the normal s t ress imbalance a t  i t e r a t i o n  n, 
The incremented h; 1 i s  then used t o  generate "eqci talent" boundary condi t i or?s f o r  
..! L 7-  1 
The normal s t ress d i f ference.  1, has t o  be normalized before i t  i s  used i n  (21) f o r  changing the bubble shape 
because of the indeterminacy due t o  incompress ib i l i ty  (-1 contains an in tegra t ion  constant);  t h i s  indeterminacy 
i s  removed by requ i r ing  that the volume o f  the bubble remain con..ant. 
'he o v e r a l l  so lu t ion  a lgor i thm may thus be szhematicaliy represented as fol lows: 
( I )  S ta r t  w i t h  an L n i t i a l  guess o f  the shape. liere we choose a spherical shape, i.e. a c i r c l e  i n  a plane 
through the ax is  o f  symnetry. Hence. w i t h  f ( < , ~ )  = ' 5  as ind icated e a r l i e r ,  the mapping i s  i n i t i a l l y  x 
Scos.ir1 and y = 'sin:~:, corresponding t o  polar  coordinates i n  the plane through the axts o f  symnetry. 
(2: For the given bubble shape and coordinate mapping, compute a new approximation f o r  the dynamic f i d l d s  
(V and by advancing the so lu t ion  o f  the Navier-Stokes equations one i t e r a t i o n  ( i .e .  one AD1 time step). 
(3) Calculate the normal s t ress terns a t  the bubble surface, and i f  the condi t ion (17) i s  not  s a t i s f i e d ,  
increment the brlbble shape by a small amount Sy incrementing r,,(l,ll) using Eq. (21;. and ob ta in ing  correspon- 
ding boundary condit ions fo r  3x/.iC and Jy/3{ . i i = l  I[-I 
(4) Calculate a new orthogonal mapping f i t t i n g  the new bubble shape by so lv ing  Eqs. (5a.b) w i t h  appropri-  
a te  boundary condi t ions ( i n  p rac t i ce  we do only  one AD1 i t e r a t i o n  on the mapping equations). 
(5) Repeat t h i s  process s t a r t i n g  w i t h  step ( 2 )  u n t i l  convergence i s  achieved. 
Results 
We consider two cases here of streaming f lw past a bubble. 
The f i n a l  bubble shape i s  depicted f o r  Case A i n  Ftg. 1, where we show a p o r t i o n  o t  the f i n a l  coordlnate mesh 
and the upper h a l f  o f  the bubble boundary i n  the plane through the ax is  o f  symnetry. The f l o w  i s  from l e f t  tc, 
r i g h t .  The corresoonding streamlines and l i n e s  o f  constant v o r t i c i t y  are shown i n  Figs. 2 and 3. It may be 
noted that  the bubble shape i s  i n  gua l i  t a t i v e  agreement wl t h  aval l ab le  experimental results." Indeed, tC 
drag c o e f f i c i e n t  ca lcu lated here i s  9.17, whereas the measured value a t  the same Reynolds number but  somewhat 
larger  Ue was 9.37. It may be noted tha t  the drag c o e f f i c i e n t  was found experimentally1' t o  be insens i t i ve  t o  
Ue f o r  large We. The streamlines and l i n e s  o f  constant v o r t i c i t y  fo r  Case B are sham i n  Figs. 4 and 5, from 
which the bubble shape can a iso  be discerned. Again, the flow i s  from l e f t  t o  r i g h t .  It l o  :hus ev ident  tha t  
the bubble i s  a c t u a l l y  f l a t tened  t o  a greater  degree i n  the f r o n t  and i s  more rounded a t  the rear. Shams o f  
t h i s  general type have been prev ious ly  observed e x p e r l m n t a l l y  fo r  s i m i l a r  values o f  Re and ~ e , ' ~  al though a 
shape which i s  rounded i n  the f r o n t  and f la t tened  a t  the rear, which w i l l  occur f o r  larger  Reynolds nuaber o r  
, l a r g e r  k b e r  number, i .e.  smaller surface tension, i s  much more cdmnon. Each example required about an hour 
' o f  CPU time on a VAX-I1 computer, s t a r t i n g  from the i r r o t a t i o n a l  f low pas a sphere as an I n i t i a l  guess i n  
,both cases. The cost i s  thus on the order o f  $10. 
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Figure 1. Coordinate mesh f o r  Case A. 
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Figure 2. Streamlines for Case A. 
Figure 3. Lines of constant vor t ic i ty  for Case A. 
Figure 4. Streamlines for  Case 8. 
Figure 5 .  Lines of constant vor t ic i ty  for Case B. 
